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could acquire considerable kinetic energy. This 
is termed pipe whip. 
Modeling the mechanics of a whipping 
pipe is a complex problem. It can be solved at 
various levels of complexity. The simplest 
approach is to formulate a small deflection, rigid-
plastic analysis in which the pipe is treated as a 
cantilever beam subjected to a suddenly applied 
end load. The effect of geometrical changes and 
material elasticity are neglected. This approach 
remains the fundamental basis of an initial 
approach to some particular problems in pipe 
whip research. 
Recently, attention has been given to 
response of a two-dimensional piping system 
subjected to suddenly applied forces at its tip 
perpendicular to its plane. Amongst various 
engineering configurations, right-angled bent 
pipes are of particular interest for their wide 
applications in practice. The complete range of 
possible deformation mechanisms for am 
impulsive loading and a step force was described 
by Wang (1994) and Reid, Wang and Yu (1995), 
respectively. They showed that various failure 
modes may occur with the maximum of two 
plastic hinges appearing simultaneously in the 
cantilever pipe. 
Under an out-of-plane tip load F, as 
shown in Fig.1, segment AC of a right-angled 
bent cantilever is under pure bending, and CB is 
ABSTRACT 
This paper provides an analysis of the 
transient behaviour of a right-angled bent 
cantilever beam subjected to a suddenly applied 
force at its tip perpendicular to its plane. A 
double-hinge mechanism is required to complete 
the possible deformation under a rectangular 
force pulse (constant force applied for a finite 
duration) with a four-phase response mode. The 
kinematics of the various response phases are 
described and the partitioning of the input energy 
at the plastic hinges during the motion is 
evaluated. 
I. Introduction 
An understanding of the response of 
engineering structures and components under 
impact loading is of practical importance in 
assessing the safety of nuclear power stations, 
chemical plants and other industrial 
establishments which could be exposed to 
potentially accidental explosions or damages to 
various critical components when struck by 
energetic objects. For instance in a nuclear 
power station, a sudden rupture of a high 
pressure piping system is a safety related matter. 
If such a sudden break happens, the magnitude of 
the reaction force (the blow-down force) from 
the leaking fluid can be substantial and 
consequently cause a whipping motion. The pipe 
will undergo dynamic plastic deformation and 
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under combined bending and torsion. A simple 
static analysis yields that when F Fp, where 
M F – 	o  0 - 
 + (MO / 70)2 (LI / L2)
2 
there will be no failure in the beam, M0 and To 
being the dynamic fully plastic bending moment 
and torque of the beam, L1 and L2 being the 
lengths of segments AC and CB, respectively. 
Reid, Wang and Yu (1995) showed that for a 
step load, there is a limiting force magnitude F2 . 
When F0 F < F2 , only one combined 
bending-torsion hinge will be formed in the beam 
either at B or in CB, i.e. a single hinge 
mechanism; when F .? F2, a double-hinge 
mechanism will apply with a pure bending hinge 
in AC and a combined bending-torsion hinge in 
CB simultaneously. Since a step load is time 
independent, the hinges are stationary in the 
beam during the deformation. In this paper, the 
transient behaviour is examined for a right-
angled bent cantilever subjected to an out-of-
plane rectangular pulse. It is shown that when 
the applied force is removed, the plastic hinges 
start to travel along the beam segments. The 
kinematics of the travelling hinges, the response 
time of the cantilever, the deflection of its tip and 
the energy partitioning at various times are all 
features of the motion to be studied. The 
cantilever ultimately comes to rest after a final 
root rotation phase. Attention herein is focused 
on the cases corresponding to high load 
magnitude when a double-hinge mechanism is 
initiated since this response contains all of the 
features which might occur for this type of 
problem. 
2. Theoretic Modeling 
Consider a cantilever comprised of two 
straight segments of length Li and L2 , shown in 
Fig. I. The cantilever is loaded normally to its 
plane by a rectangular force pulse at its tip. The 
pulse can be represented as 
Po 0 r ri 
F = 
0 
as shown in Fig.2. It is assumed in this paper that 
the beam is made from a rigid, perfectly plastic 
material, the beam's deflection is small and the 
analysis is referred to its original configuration. 
Under a combined bending-torsional 




with an associated flow rule, 
2 
= r moi T 
To M 
Also, the ratio of TIM is assumed to be less than 
1 as it is the case for most of the engineering 
beam structures. For those with TIM =I, an 
analysis was given by Martin (1964) for an 
impulsive loading condition. It showed a pure 
bending then pure torsion single hinge 
mechanism, a solution very similar to that of an 
equivalent straight beam solved by Parkes 
(1955); for those with TIM >1 under step loads, 
Hua et al (1988) provided a double-hinge 
solution different from that in this paper. 
2.1 Double-hinge Mechanism (Phase I) 
Assume that a pure bending hinge H 1 
and a combined bending-torsion hinge 112 are 
formed in segment AC and CB, respectively, as 
shown in Fig.3. l , i92 and 02 are the relative 
angular velocities due to bending and torsion at 
the plastic hinges. Applying D'Alembert's 
principle, the governing equations of each beam 
segment can be obtained. 
I). For segment H I FI2, the equation of 
translational motion is 
0 = Thia2 — +1.4 x o 	
XI 
2 	 2 	(3) 
–/.4L – Xi)x2:§2 
The rotational equation about axis CB is 
. Mo – T2 = —
3
(Li – xi )3  02 
–Li (L1– x0 2 x2:.§2 
2 
where the polar inertia of segment CH2 is 
neglected. And the rotational equation about 
axis AC is 
M2 = 
P 	 (5) 
6 
2). For segment AH 1 . the equation of 
translational motion is 
F = Acce-x 	+ (Li –. '-)2 _X2192] 	(6) 2 2 
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3 	 2 
To 
Eqns. (12) to (14) form a set of 
nonlinear equations for unknowns x i , x2 and 2' 
Given the value of F, the equations can be solved 
numerically. It is noted that all variables during 
the pulse remain constant and this represents a 
stationary hinge phase. Fig.4 shows 
schematically the shear force, bending moment 
and torque distribution along the beam segments. 
The value of F2, the minimum 
magnitude of F required for a double-hinge 
mechanism can be derived by letting 1.§ 1 = 0 in 
eqns. (6) and (7), then we have 
Combining eqn. (15) with (12) and (13), we can 
Substituting it into eqns. (8) and (4) produces, 	solve the positions of H I and H2 in the beam. 
respectively, 	 They represent the closest positions to bend C 
2 2 i 	 the two hinges may possibly appear in segments TL = pi) x2 + 2‘,Li - xi )x2 
(10) AC and CB, respectively. And F2 can be 
M2 	MO 	(Li - xi)2 	 calculated by employing eqn. (6). 
and 	 With subscript "I" denoting values at 
T2 = MO - 	 the end of Phase 1, we have, 
(11) I -- 
 
L 1 _x1') 




92= 	 9 	 (9) 
- xi )2 (Li 
(L1 xi ) x2 + 2(Li — xi) 
MO = 
2 3.) 	(L1 	x1 )2 
jx2 ■02 (15) 
1 
_ 	2 
,u 3 - 	i 	2 - 
	
X11 
Fxj — Mo = 
3 





- lix1 x292 
2 
2 The yield condition at hinge H2 is 
(M2) + (r2) =1 
MO 	To 
and because the hinge does not move during the 
pulse, M2 and T2 are time independent. The flow 
rule becomes 
(8)  
• 	 M2 
From eqn. (3), we have 





19.1 2 xi +2(L i  -xi)x2 _ 




_2 ,73 •6 -A 2 
By eliminating 9 in eqns. (6) and (7), we have 
1 	 px?x2(Li - + x2) 
— Fxi — Mo — 	 1Y2 	(14) 
3  





Assuming small deflections, the velocity 
and deflection of the beam tip can be written as 
6 Al = X1:911+ L14)21 - X21:9211 
and AI = X1 911 + L1921 - x2921 
respectively. Thus, the total energy provided by 
the load is 
E = FL A!. 
And the energy dissipated at the plastic hinges in 
Phase I is 
E PI = 	M2 612I T29221 - 
When the load is removed at r = VI , 
the sudden change in shear force distribution 
causes both hinges H I and H2 to move towards 
bend C, as discussed in the following text. There 
is a limiting position of H I in AC, the relative 
angular velocity across the hinge becomes zero 
when it reaches the position and AC becomes 
completely rigid again. This ends Phase II of the 
response. As soon as hinge H I vanishes, hinge 
H2 begins to move towards B and when it reaches 
— 	 (13) 
2 1'2 
3 
Downloaded From: https://proceedings.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use
At hinge H2, the flow rule and yield 
condition remain the same. E qns. (22) to (24) 
can berewritten for numerical solution, 
M2(4 + 2x2 )  
(18) 2/ 6 M2 9 /02 + x2) 




3 [ M2 (4 + 2x2) 	T2  
x2 - 	4(14 + x2) + X2 ) 
32'2 3x2:92 3x2 .92  
2
) 
2 ma 4 	4 2 
(26)  
(27)  
B, Phase III finishes. The final phase, Phase IV, 
consists of the whole rigid bent cantilever 
rotating about B until all of the remainin g kinetic 
energy is absorbed in plastic deformation. Then 
the cantilever stops. Phases II to IV are 
described in the following. 
2.2 Phase H 
As soon as the load is removed, H I and 
H2 are no longer stationary and start to travel 
towards C. They still remain a pure bending 
hinge and a combined bendin g-torsion one, 
respectively. The variables involved in this phase 
are x l , x2, Si , 92 , q22 , M2 and T2 . The 
derivation of governing equations for this phase, 
is similar to that of Phase I and these e quations 
are reorganized into a form suitable for 
numerical solutions. 
6M2 	9 
,4 x2(4 - xi + x2 ) 
[
ilickli ( LI - xi + x2) + 7/47 _Mx
0
0 
- x1 + x2 ) 
Px2 
T2 - MO + 
-i( 7602 = tan 	 (21) 
M092 
A standard fourth order Run ge-Kutta 
procedure is employed to calculate x l , x2, 91 , 
, 422 at each time instant. At the end of each 
step, C (i.e. M2 and T2) is then updated. When 
9 1 becomes zero, hinge H 1 is inactive, Phase H 
ends and the time is denoted by TH . 
2.3 Phase III 
When hinge H I reaches its terminal 
position and becomes inactive, the combined 
bending-torsion hinge H2 becomes the only hinge 
running towards root B. The equations of motion 
for segment ACH2 are 
L1 	
) -0 	2.. 
+ 
2 x
2 t7 2  292 	
(22) 
+(1.1+X2)±2:92 = 0 
x2 .12- 	 ;I = 
	
T2 -- +-92 • -x2-2 2 2 3 	2 	PL1 
and 
:12-192 +12:92 - 2 M2 3 	 2 /az 
'92 - 
3 
12 - 	  92(4 - x1 + x2 ) 





3(40 —T2)  
)2 
(4 -x ! ) 
-3 
mo xi 3m2 3/292 -12 	(LI -) 
SI 
2 Px1 z 	Pc2  - 
(Li - x1 ) 
02 - 
( Li _ 	- + x2) 
2 
(19) 
[(Li _ + x2) 2( T2 MO) + X2 i I 
2 ) gL I -x02 2 
2 2 
6M0 3M2 . n- 
2 	2 +12'72 
. 	1 	/al itec2 
xl = 
,91 
Letting T2 1T0 =sinc and M2 / Mo = coso-, 
the yield condition is satisfied automaticall y . 
From the associated flow rule, we have 
M2 and 7'2 can be replaced by variable 
as in Phase II. The initial values of x2, :9 2 
92 ,02 , 92 and a are obtained from the end 
of Phase II, and e qns. (21), and (25) to (27) can 
be solved numerically. Note that in this phase, 
the positive direction of 92 is defined as being 
opposite to that in Phase II. When hin ge H2 
3(mo— T2)  
p(Li -x1 )2 
(20) 
4 
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31 B — 
#1/2(-Li+a) 4 3 
1 
mo 




reaches the root B, Phase III ends and the time at 
the moment is denoted by Tin . 
2.4 Phase IV 
After hinge H2 arrives at B, the motion 
of the whole cantilever becomes a rigid body 
rotation about B until all of the remaining kinetic 
energy is dissipated at hinge H. With subscript 
"B" denoting values of the parameters at the root, 
the equations of motion for the whole beam can 
be expressed as follows, 





isliP B = 
QB _ 	I 72,;,• 
2 




Sv B — 2 
and 
(LI + NE2,. B +
2
Ljeo = 	 (30) 
3   
where QB is a shear force at the root 
perpendicular to axis of CB. 
The flow rule and yield condition at B 
are 
mo) 2 TB 	(m  B)2 
+ 
(712 
B = 	 B and 	 B — T0) MB 	 MO 	TO 
Hence, the angular accelerations can be written 
as 
376  
2 L ill+ ( M0,9 B / To042 
Mo  




C°B 	L 2 
2 	3) 
Ali A + 
(32)  
Eqns. (31) and (32) can be solved by 
applying a fourth order Runge-Kutta method. 
Phase IV ends at TB/ when 19B = B = 0 and 
the beam ceases to move.  
3. Numerical Results 
Numerical calculations have been 
carried out for all four phases of the response for 
different combinations of load magnitude, F and 
pulse duration, V1. The energy balance has been 
examined at the end of each phase by checking 
that the total energy supplied to the cantilever is 
equal to the sum of the energy dissipated in the 
plastic hinges and the remaining kinetic energy 
of the beam. In calculations the structural 
parameters were set at M0 3 I6Nm, TdM0=0.9, 
=2.662kg/m, L I =Im and L2=2m based on a 
specimen of 2.45cm bore mild steel seamless 
tube. The rotation angle at H, due to bending at 
the end of Phase I was maintained at no more 
than 0.16rad, i.e. less than 10 ° in order not to. 
invalidate the small deflection assumption under 
which the study was carried out. 
Fig.5 shows hinge positions at various 
times and the ratio TIM at each hinge plotted 
against hinge position for a typical case with 
F=2000N and r =0.01sec. The ratio TIM 
increases when the hinge moves towards root B, 
indicating that torsion becomes more and more 
dominant in the response. 
For the above case, the history of tip 
deflection to the fmal tip deflection and 
percentage of energy dissipated in each phase to 
the total input energy are shown in Fig.6. More 
than half of the input energy is consumed during 
Phases I and H. It is noticed that the energy 
dissipated in Phase I, the stationary hinge phase, 
is quite close to one third of the total energy 
supplied to the structure, similar to solutions of a 
bent cantilever with its bend angle not equal af2 
(Reid, Wang and Hua, 1995). 
Table 1 reveals the influence of pulse 
characteristics on the overall response of a right-
angled bent beam, the higher the load, the farther 
the hinges are from the bend, and the closer the 
energy dissipating ratio in Phase Ito 1/3. Fig.7 
shows the final tip deflection 54 and the total 
response time T./ for various values of F while 
Ti is kept constant. The relationship between 
if and F is almost linear and 54 increases 
rapidly with increasing magnitude of F. When 
load F is kept constant and changes are made to 
the pulse duration 2-1, similar results are 
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The transient response of a group of 
right angled bent cantilevers under an out-of-
plane rectangular pulse has been analysed and it 
shows a four-phase response. Checks have been 
made to verify that the yield conditions are not 
violated in each segment of the beam and during 
each phase of the response examined herein. 
Numerical results show that the energy 
dissipated at the stationary hinges (Phase I) is 
close to one third of the total input energy and 
hinge velocities are not constant during the 
following traveling phases. Segment AC bears 
the most severe deformation due to bending. The 
deformation in CB is relatively small and when 
the load magnitude increases it reduces. 
An important distinction between the 
cases of the bend angle fi = 42 and those with 
/3* 42 discussed by Reid, Wang and Hua 
(1995) is that whereas bending becomes 
dominant eventually in the latter case, torsion 
dominates phases III and IV for fl = 42. This is 
shown in Fig.6. While hinge H2 runs towards 
B, the ratio TIM at the hinge increases rapidly. 
Thus one would expect different failure 
mechanisms in these cases. 
The work presented in this paper, based 
on a rigid-perfectly plastic material model, 
provides for a complete transient solution for 
bent cantilevers of right angle subjected to out-
of-plane force pulses. The solution satisfies both 
static and kinematic conditions, i.e. the yield 
criterion and governing equations. But similar to 
many other works, the solution is restricted to 
small deflections. It would be a significant  
improvement to see an analysis which can not 
only provide complete solutions, but also be able 
to model the complexity of large deflections 
resulting from combined bending and torsional 
deformations. 
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Table 1 Influence of load magnitude on structural response 
F(N) r(sec) xi(m) x2(m) EA%) Ell(%) Ed%) Ed%) rAsec) 54(m) 
1500 0.012 0.57 1.04 31.5 12.4 21.1 35.0 0.063 0.561 
2000 0.007 0.45 1.31 33.0 26.2 14.1 26.1 0.049 0.384 
3000 0.004 0.31 1.65 33.3 39.9 8.7 18.1 0.042 0.329 
Note: structural parameters are M0=316Nm, T0/M0=0.9, p= 42 , fir2.662kg/m, L 1 =1 m, L2 =2111..t 1 and 
x2 represent hinge position of H 1 and H2 during Phase I, respectively. E„ i=1-IV, are the percentages of 
energy dissipated in each phase to the total input energy. rf is the final response time. 54 is the final 
deflection tip of beam 
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Fig.1 A right-angled bent cantilever 	 Fig.2 A pulse of rectangular shape 
Fig.3 The free-body diagram for a double-hinge 
H. - Hi mechanism 
Fig.4 Diagram of shear force, bending moment 
and' torque distribution in the bent 
cantilever for a double-hinge mechanism 
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Fig.6 Energy distribution In the plastic 
and tip deflection versus time 
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Fig.5 Hinge positions versus time and ratio T/1.1 
versus hinge positions 
Fig.? The final deflection of tip A and the total response 	Fig.6 The final deflection of tip A and the total response 
time versus the load level F with 71=0.007 sec 	 time versus the pulse duration z with F=1500 r4 
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